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ABSTRACT 

It is shown that the /3-functions for four dimensional N = 2 supersymmetric Yang- 
Mills theory without matter give integral curves on the moduli space some of which 
are geodesies of the natural metric on the moduli space. In particular the flow lines 
which cross-over from from the weak coupling limit (asymptotically free theory) to 
the singular points, representing the strong coupling limit, are geodesies. A possible 
connection with irreversibility is discussed. 
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The purpose of this letter is to investigate the geometrical and topological struc- 
ture of the renormalisation flow in an exactly solved four dimensional field theory - 
N = 2 supersymmetric SU(2) Yang-Mills theory without matter, [1] . The /3-function 

A 

for the complex coupling, r = -tP- H — of this model was calculated in [2] [3] and 

9 eff 

the resulting flow diagram is shown in figure 1. This diagram has special points: 
the weak coupling limit r = zoo, the strong coupling limit at r = 0, ±1 where there 
are singularities due to extra massless degrees of freedom associated with composite 
objects (monopoles and dyons), and the points at r = (±1 + i)/2 where the Higgs 
field 4> satisfies Tr{4> 2 ) = 0. The points at r = ±1 and r = are physically equivalent 
under the symmetry r — > r + 1, as are the two points r = (±1 + z)/2. At these last 
two points (</>) 7^ even though Tr((p 2 ) = 0, so that SU(2) symmetry is not restored 
in the quantum regime, but these points are the quantum mechanical vestige of the 
place where the symmetry would be restored in the classical theory. It will be shown 
that the flow lines which cross over between all these special points are geodesies of 
the Seiberg-Witten metric, but none of the other flow lines is a geodesic. These are 
geodesies with a "frictional" force and the geodesic nature of the cross-over appears 
to be related to irreversibility of the renormalisation flow. 

N = 2 supersymmetric Yang-Mills theory has features in common with both 
the standard model of electro-weak theory (symmetry breaking and mass generation 
by the Higgs mechanism) and with quantum chromo-dynamics (asymptotic freedom 
and confinement) , [1] . There are also many differences, of course, but as a model for 
testing physical ideas in four dimensions Seiberg and Witten's low energy effective 
action gives us an unprecedented arena for experimentation. In common with QCD, 
N = 2 supersymmetric Yang-Mills theory exhibits dimensional transmutation in that 
there exists a natural length scale, A, at which the interactions become strong in the 
sense that the dimensionless gauge coupling, g e ff(A), becomes large. It is convenient, 
as above, to combine g e ff(A) with an effective topological parameter, 6> e //(A), into the 
complex quantity r = %^ + 4^-. The value of r depends on Higgs expectation value, 
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^ ^ , which is not fixed in this theory but can take on a range of values 
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corresponding to different vacua. Using the gauge invariant quantity u = Tr{4> 2 ) 
to parameterise the symmetry breaking, Seiberg and Witten determined the zero 
momentum functional form of the dimensionless quantity r as a function of it/A 2 = u, 

iK' 



K 



(1) 



where K'{k 2 ) = K{k' 2 ) and K{k 2 ) are standard elliptic integrals [4] ,with k' 2 = 1-k 2 
and k 2 = ^^j- (the explicit form (1) can be found in the review [5] ). It is then 
straightforward to obtain the /3-functions of the theory, including non-perturbative 
effects, [2] [3], 



~ 2u 7T 
ou 



1 ftij + tij 
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The ^-functions used here are, in the conventions of Whittaker and Watson [4] , 

oo 

H 2 = 2q 1 / 4 H(l-q 2n ) (l + q 2n ) 2 



n=l 



^= n( i -^ 2n )( i +^ 2n " 1 ) 2 

n=l 

oo 

^=n( i -^ 2n )( i -^ 2n " 1 ) 2 ( 3 ) 



n=l 



with q = e* lT . 

These ,9-functions represent a vector flow, j3 = fl-^ + (3-^=, on a one (complex) 
dimensional manifold, parameterised by r, which has the topology of a sphere with 
three holes [1]. The flow is most easily visualised by noting that it is radial in the it- 
plane (by definition) and then transforming to the r-plane. The /^-function is singular 
at t = ±1, and vanishes at r = |(±1-H). This last point corresponds to u = 0, which 
is the point at which one would have a = classically, restoring the gauge symmetry 
to the full SU{2), but quantum mechanically \a\ has a lower bound (rs 0.7628) so 
a = can never be reached in the quantum regime. Nevertheless the point u = 



corresponds to the minimum value of \a\ in the quantum theory [6] . The /3-function 
(2) diverges at the points r = 0, ±1, but the invariant length squared \/3\ 2 = G T f/3f3 
vanishes at these points, thus they can be thought of as fixed points within the 
approximations used by Seiberg and Witten. 

Note that this vector flow represents a real physical flow that follows from chang- 
ing A at fixed u , (or u at fixed A). It is thus similar in spirit to the Callan-Symanzik 
flow of Q.E.D., which one obtains by changing the physical electron mass. Here 
physical masses are also being varied, since u (and thus a) is changing at fixed A. 

The question posed here is, how does the above flow relate to the geometry of 
the punctured sphere? Seiberg and Witten also described a metric on the punctured 
sphere which is compatible with the T(2) action on the upper half r-plane. In terms 
of the Higgs expectation value, a, 

ds 2 s _ w = (Imr) dada. (4) 

Using r co-ordinates this is 



ds 2 s _ w = 7r 2 (/mr) 

or in w-co-ordinates 
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drdr, (5) 



1 (K'K + K'K) 
ds s _ w = — — ^ =dudu. (6) 



The relationship between the Seiberg- Witten metric above and the Poincare metric 
on the upper half-plane, 



ds 2 P = j^drdf, (7) 



was discussed in [7] . 



Physically the Seiberg- Witten metric seems to be the more relevant - it gives 
rise to a positive Ricci curvature which diverges at r = ±1 and 0, reflecting the 
singularities at these points, 



and R tends to zero in the weak coupling limit, r — > zoo. The boundaries of the 
fundamental region (figure 1) are clearly geodesies of the Poincare metric and it is 
natural to ask if this property also holds for the Seiberg-Witten metric. A detailed 
calculation shows that it does! Indeed the only flow lines of the figure that are 
geodesies of the Seiberg-Witten metric are the bold lines which cross-over between 
the special points r = ±1, r = 0, r = zoo and r = \ (±1 + z) . 

To prove that the lines r = is, r = 1 + zs, r = \ + is (where s is a real parameter) 
are geodesies, consider the geodesic equation for a vector field f = i T + £ T ;|=, 

V/= Af. (9) 

Explicitly, for the Levi-Civita connection associated with a Kahler metric, 

- - (10) 

dr -de - - - - 



For a holomorphic vector field, £ T = £(r) and £ T = £(r), with £ the complex conjugate 
of £, these equations reduce to 

with the condition that A = || + T^ T £ = || + be real. For the /3-function 
above and the connection for the Seiberg-Witten metric this is easily checked using 
the representation (3) for the ^-functions. Since q = e _7rs along t = is, q = — e _7rs 
along r = 1 + is and q = ze _7FS//2 along r = | + zs, the reality conditions on A are 
readily verified using (2) and (5). For the circular arch r = ^(1 + e 1 ^) corresponding 
to— 1 < u < 1, a proof can be constructed using the -u-coordinate, in which one only 
need prove that 



_ {K'(d u K)+K(d u K')} 1 

K'K + K'K 2(u+l) 1 J 
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is real along the real line segment — 1 < u < 1. This follows by noting that k' 2 = ^jis 
real and negative for — 1 < u < 1, thus K' is real on this segment, K however is not 
real, but one can show using (see ref. [4]) 

dK E-k' 2 K dK' k 2 K'-E' 

dik 2 ) ~ 2k 2 k' 2 ' dik 2 ) ~ 2k 2 k' 2 ' ^ 3 ) 

K'E + E'K — K'K = tt/2, 

and the fact that K' is real, that T™ u is in fact real along —1 < u < 1, and thus this 
line segment is a geodesic. 

One can construct an alternative proof that the vertical boundary lines of the 
fundamental domain in figure 1 are geodesies, just using group theoretical arguments 
rather than heavy handed analysis. Note that the discrete map r — > — f is an isometry 
of the Seiberg-Witten metric (5), since under this map Im(r) — > Im(r) and q — > q. 
This not an element of T(2), the subroup of 57(2, Z) acting on the upper-half r plane 
consisting of matrices which are the identity matrix mod 2, but it is still an isometry. 
Thus the group of isometries is actually larger than T(2). Under this map, the positive 
imaginary axis is in invariant and is thus a geodesic of the Seiberg-Witten metric, since 
any line of fixed points of an isometry is a geodesic. This further implies that that the 
vertical lines above r = ±1 are also geodesies, since T : t — > r + 1 is also an isometry 
(this simply changes the sign of q and so interchanges #3 and 64 in (3) and multiplies 
#2 by a phase, thus leaving the Seiberg-Witten line element (5) unchanged). 

The conclusion is that the bold lines in figure 1 are geodesies in the Seiberg- 
Witten metric. That none of the other flows is geodesic follows from the fact that 
they are all repulsed from the singular points r = ±1,0. Since these points have 
infinite positive curvature any geodesic would necessarily be attracted to and focused 
into these points, not repulsed by them. 

One can actually prove a slightly stronger result. The two form 



dp = d [a (G b]c [3 c )dx a A dx b 
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(14) 



does not vanish in general (the flow is not gradient), but it does vanish along the 
thick lines of the figure. On a Kahler manifold this is equivalent to saying that 
d T (G T f[3 T ) is real on these lines. Combined with the observation that the /^-functions 
are conformally Killing for the Seiberg-Witten metric it can be shown that this in 
fact implies that these lines are geodesies. 

It seems possible that these observations may be related to irreversibility of the 
flow. Gradient flow, with a positive definite metric [8] , automatically implies a c- 
theorem [9] . If the flow is gradient then there exists a differentiable function, U{g), 
such that (3 a = G ab d b U(g) and so 

= (3 a d a U(g) = (3 a (3 b G ab > (15) 

for a positive definite metric. The function U(g) is therefore monotonic along the flow 
trajectories. The flow here is not gradient with the Seiberg-Witten metric in general, 
but the two form d/3 does vanish along the lines of cross-over, which then implies 
that these lines are geodesies. Geodesic cross-over, when the metric is obtained as 
the second derivative of the effective potential, has been noted in some other models 
(specifically Gaussian models in 2 < d < 4 and the 1 — d Ising model [10] , and the 
O(N) model in 3 — d for large N [11] ) where it can be related to a maximisation 
of the relative entropy. Thus it seems plausible that geodesic flow is related to an 
increase in relative entropy along the lines of crossover. Note that geodesic flow does 
not imply reversibility - the geodesic flow described here is more closely analogous to 
motion under friction. The "frictional" force along the trajectories is represented by 
the function A in equation (11). In the weak coupling regime A — > — 1 while at the 
singular points A — > — oo, indicating that the frictional force becomes infinite at these 
points. It has been checked numerically that A is always negative along the thick 
lines of figure 1 - in line with the concept of irreversibility in the infra-red (small u) 
direction. 

It would obviously be of interest to explore these matters in the case of super- 
symmetric theories with matter and for more general gauge groups, but the absence of 
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such concrete formulae as equation (1), would probably render the pedestrian analysis 
presented here inadequate to the task - one would need more sophisticated mathe- 
matical techniques. 
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1: Renormalisation flow for SU(2) N = 2 supersymmetric Yang-Mills 
The thick lines bounding the fundamental domain are geodesies 
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